We give a criterion for determining the existence of nonzero symmetric invariant bilinear forms on vertex operator algebras and we establish an analogue of the Cartan criterion for semi-simplicity.
Introduction
It is well known that the Killing form and the trace form play crucial roles in the classical theories of finite-dimensional Lie algebras and associative algebras, respectively (cf. [7, 91) . Similarly, in Kac-Moody Lie Algebra theory (cf.
[S]), a certain symmetric invariant bilinear form is also very important. For vertex operator algebras [2, 4, 51 , which in subtle ways resemble both Lie algebras and associative algebras, a sort of Killing form is expected, which will play an important role in this new theory.
As the main results of this paper, we give a criterion for determining whether nonzero symmetric invariant bilinear forms exist on a given vertex operator algebra and we obtain an analogue of the Cartan criterion for semi-simplicity. Roughly speaking, a vertex operator algebra, briefly a VOA, is a Z-graded vector space v= @EL Vcn, equipped with an infinite sequence of multiplications which satisfy the so-called Jacobi identity. Furthermore, it is assumed that there are two distinguished vectors 1 (the vacuum) and o such that the left multiplication by 1 is the identity and the left multiplication by w gives rise to a representation of the Virasoro algebra Vir, in which the central charge is called the rank of V. An ideal of a VOA V is a subspace stable under left multiplication by any element in V. A VOA V is simple if (0) and P'are the only ideals of V. A VOA V is semisimple if V is a direct product of finitely many simple VOAs of the same rank (these definitions are from Frenkel, Huang and Lepowsky [4] ). In [2] , Borcherds gave a formula for a symmetric contravariant bilinear form with respect to a Cartan involution on a vertex algebra constructed from an even lattice [2, 51 . Motivated by Borcherds' formula, Frenkel et al. [4] introduced the notion of invariant bilinear form on an arbitrary vertex operator algebra V and using it, defined the contragradient module M' for a V-module M. Contravariant bilinear forms were also used by Dolan, Goddard and Montague [3] to construct vertex operator algebras generalizing Frenkel, Lepowsky and Meurman's moonshine module construction [S] for the monster group and in fact, contravariant bilinear forms on VOAs and their elementary properties are implicitly used throughout conformal field theory. A contravariant bilinear form differs from an invariant bilinear form by a Cartan involution for certain special vertex operator algebras. Because of the lack of a Cartan involution for an arbitrary vertex operator algebra I'we cannot introduce the notion of a contravariant bilinear form for an arbitrary VOA. In this paper we will study invariant bilinear forms in the sense of Frenkel, Huang and Lepowsky's definition. In general, we use the notation and terminology of [4] and [S] . Let M a module for a given VOA V. A bilinear form (-, -) on M is said to be invariant [4] if
for a E V, u,u E M.
(1.1)
It was proved by Frenkel et al. [4] that any invariant bilinear form on a VOA I'is automatically symmetric. As a complement to Frenkel, Huang and Lepowsky's result we prove that any invariant bilinear form on an irreducible V-module M is either symmetric or skew-symmetric (Proposition 2.8). We give a semidirect sum construction for vertex operator algebras (Proposition 2.10) which can easily be used to construct vertex operator algebras with some special properties (Remark 2.12).
Let (-,-) be an invariant bilinear form on a VOA I'. Setting u = 1 in (1.1) we get
Thus any symmetric invariant bilinear form (-,-) on V is uniquely determined by a linear functional on the subspace yo, defined byf(u) = (1, u) (since I',,, is orthogonal to each I'(,,, for n # 0). This fact motivated us to start defining the bilinear form from the weight zero subspace I',,, instead of the lowest weight subspace.
We first prove that a linear functional f on Vco, determines as above a symmetric invariant bilinear form on a VOA Vif and only if L(1) I'(,, c ker,f: Therefore the space of all symmetric invariant bilinear forms on I/ is isomorphic to the dual space of V,,,/L(l) V,,, (Theorem 3.1). Let g be the subalgebra of Vir linearly spanned by L(i) for i = -l,O, 1. If a VOA V, considered as a g-module, can be generated from lowest weight vectors for g (quasi-primary vectors), then Vto, = (ker L(1) n Vco,) @ L(1) Vtl, (Proposition 4.5). Define a linear functional f on I',,, by f(u + v) = trlvcO) u_ 1 for u E ker L(1) n Vco,, u E L(1) Vcl,. From Theorem 3.1 fdetermines a unique symmetric invariant bilinear form Bi ((, -) on V. Then we get an analogue of the Cartan criterion for semi-simplicity in terms of this bilinear form. That is, Vis semisimple if and only if B1 (-, -) is nondegenerate (Theorem 4.9). We also prove that if a simple VOA Scan be generated by g from quasi-primary vectors, then V does not have negative weights and the weight zero subspace V,,, is linearly spanned by the vacuum 1 (Theorem 4.8).
Furthermore, we study another class of vertex operator algebras, which are completely reducible as Vir-modules.
If a VOA V, being considered as a Vir-module, is completely reducible, then VcO, = ker L( -1) @ L(1) V(i, (Proposition 4.10) and kerL( -1) has a natural commutative associative algebra structure (Lemma 4.1).
From Theorem 3.1 the trace function tr on ker(L( -1) determines a unique symmetric invariant bilinear form B2(-, -) on V. Then we prove that if V is completely reducible as a Vir-module, then V is semisimple if and only if B2(-,-) is nondegenerate (Theorem 4.11). This paper is organized as follows: In Section 2 we first recall some necessary definitions, then we prove that any invariant bilinear form on an irreducible V-module M is either symmetric or skew-symmetric, and give a semidirect sum construction for vertex operator algebras. In Section 3 we give a characterization of the space of all symmetric invariant bilinear forms on a VOA V. In Section 4, restricting ourselves to the above two classes of vertex operator algebras, and using the specially defined bilinear form B(-,-), we get an analogue of the Cartan criterion for semisimplicity.
Basic definitions and some simple results
In this section we first recall some necessary definitions from [4] and [S] , and then we prove that any invariant bilinear form on an irreducible V-module M is either symmetric or skew-symmetric.
At the end of this section we give a semidirect sum construction for vertex operator algebras. Throughout this paper, all vector spaces are over C, the field of complex numbers. the Jacobi identity holds:
where 6(z) = Cnsh z", the algebraic formulation of the &function at 1, and all binomial expressions, for instance, (zr -z2)n (n E Z) are to be expanded in non-negative integral powers of the second variable z2. The Virasoro algebra relations hold:
for m,n E 27, where
This completes the definition.
The following are consequences of the definition: 
satisfying all the conditions for a vertex operator algebra except (2.7). 
for u, u E V, U' E. I/', where (-, -) is the natural pairing between V and V'. Then V' becomes a V-module [4] .
Definition 2.4.
A bilinear form (-,-) on a v-module M is said to be invariant [4] if it satisfies the condition 
Without assuming the symmetry of an invariant bilinear form, we can only speak about left and right kernels. It follows from (2.20) that either one-sided kernel is a submodule of M.
In particular, we have As in classical Lie algebra theory (as remarked by Frenkel et al. [4] ), the space of all invariant bilinear forms on a V-module M is naturally isomorphic to Hom"(M, M'). A VOA V is said to be self-dual if V' is isomorphic to V as V-modules, or equivalently if there is a nondegenerate invariant bilinear form on V. It was proved by Frenkel et al. [4] 
This analogue is a good motivation for Proposition 2.6. For an arbitrary V-module M, the corresponding assertion is not true. But if M is irreducible, we have: Therefore, the space of invariant bilinear forms on M is isomorphic to the space of intertwining operators of type ( My k). If Huang and Lepowsky's box tensor product of M with M exists, then one can interpret this in terms of box tensor product.
At the end of this section we given an analogue of the semidirect sum construction of Lie algebras for vertex operator algebras. For u E M, we have ( 1 ~ Y ( Y(a,zo)u ,z,) b.
z2
By the skew-symmetry of the Jacobi identity (replacing z. by -z. and exchanging z1 with z2), we can get the Jacobi identity for (u, a, b weights. By this construction we can easily get a vertex operator algebra with negative weights. Let V be a vertex operator algebra such that there is an infinite sequence {M iI i = 1,2,. . .} of V-modules with strictly increasing lowest weights. Then by the semidirect sum construction we can get a vertex operator algebra which is not finitely generated.
For instance, a vertex operator algebra associated with a Heisenberg Lie algebra of any rank satisfies this condition.
The space of all symmetric invariant bilinear forms
Since a nondegenerate invariant bilinear form on a module (under Definition 2.4) does not always exist for some vertex operator algebras, we will just consider the invariant bilinear forms on vertex operator algebras. In this section we will get the key result (Theorem 3.1) which characterizes the space of all symmetric invariant bilinear forms on a vertex operator algebra V as the dual space of V,,,/L(l) VC1,.
Let (-,-) be any symmetric invariant bilinear form on a given vertex operator algebra V. Then for u, u E V, we have We will give the proof of Theorem 3.1 after Proposition 3.4.
Corollary 3.2. Ifa simple vertex operator algebra Vsatis$es the condition L(1) VC1, = 0, then there exists a nondegenerate symmetric invariant bilinearform on V. In other words, V is self-dual. 0
In order to prove Theorem 3.1 we need some preparation.
A vector u of a V-module M is said to be vacuum-like if it satisfies the following condition:
for all aE V, nEZ+. 
By Frenkel et al's conjugation formula [4] , we have the following:
Therefore, the natural bilinear form is symmetric invariant. 0
An analogue of Cartan's criterion
In the classical finite-dimensional Lie (resp. associative) algebra theory (characteristic 0), we have the Cartan criterion (cf. [7, 91) . The main result of this section is an analogue of the Cartan criterion for certain classes of vertex operator algebras.
Let Vir be the Virasoro algebra and g be the subalgebra generated by L(l), L(0) and L( -1). Given a vertex operator algebra V, set When there is no confusion, we will frequently drop the Vfrom these notions in the following. In order to get an analogue of the Cartan criterion, we need to find a sort of Killing form on V. By Theorem 3.1, this means we need to find an appropriate linear functional on VCO, which vanishes on L(1) V,,,. It is clear that the existence of non-trivial symmetric invariant bilinear forms on V depends on the structure of V as a g-module. For the rest of this paper, we will restrict ourselves to certain classes of vertex operator algebras whose structure as g-modules or Vir-module are "good" enough.
Lemma 4.1. For any a E A, b E V, we have
Class 1: Consider the vertex operator algebras which can be generated by g from quasi-primary vectors. We simply call this the QP-condition for convenience.
Let us recall a formula from [4] or [7] . For any positive integer k, the following formula holds in the universal enveloping algebra U(g): In some references (e.g., [l, 3, 10, ll]), the authors assume that V is completely reducible as a Vir-module. Although this is not true in general, it is believed to be true for rational vertex operator algebras (see [l l] for the definition). This is exactly our motivation for studying the second class of vertex operator algebras. q
If V is completely reducible as a Vir-module, by Theorem 3.1, and Lemma 4.10, the space of all symmetric invariant bilinear forms on V is naturally isomorphic to A*.
Since A is a commutative associative algebra, A* is isomorphic to the space of all symmetric associative bilinear forms on A. By Theorem 3.1 there is a unique symmetric invariant bilinear form on V corresponding to the trace form of A. We denote this bilinear form by B,(-,-).
Then we have: 
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